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Overview of module 1

� What is a derivative product?

� Examples of derivatives: forwards, options.
� Discounting as pricing a deterministic cash flow.
� In case the underlying behaves randomly, what should be the fair

price of some derivative on it? → risk-neutral pricing.
� Option pricing in the binomial model.
� The case of American options.
� Calibration of the binomial model to market data.
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Introduction to derivative products



What is a derivative product?

� On financial markets, financial products (also known as
instruments or securities) are exchanged (sold and/or bought).

� Some products depend on the value of another financial asset,
called the underlying.

� Imagine a product whose value relies on the variations of the price
of some commodity, e.g. rice. In this case the commodity is the
underlying.

� Such products are kwown as derivative products. We will deal with
equity derivatives = derivatives on a stock (or multiple stocks), like
forwards and options.

� Other examples: interest rate derivatives (like swaps), credit risk
derivatives (like CDS).
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Forwards

� A forward is a financial product that fixes the price of a certain
underlying asset at a later time (called maturity).

� I am a farmer producing wheat, whose harvest will finish in 9
months from now. I don’t want to risk that the price of wheat is
low at the end of harvesting. I buy a forward in order to be sure of
my payment.

� A forward is a kind of protection against variations of the value of
the underlying asset.

� In a forward contract, the two counterparties are obliged to deliver
the underlying at the agreed price (called the forward price, which
isn’t the price of the contract itself, but the delivery price).
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The payoff of a forward

For a forward starting at date t, with maturity T , denote by

� Ft the forward price (agreed at date t),
� ST the value of the underlying at maturity.

Suppose we are buying the underlying at the agreed price (so-called
long forward contract).

payoff (ST) = ST − Ft
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A detailed example of a forward

� On the first day of October, I begin the seeding of my wheat crops.
As I want to be sure of my future payment, I buy a forward contract
by which I agree to deliver wheat, at e 180 per ton, on the first day
of July next year.

� The underlying of the forward is the wheat, the maturity is the first
day of July next year, and the forward price is e 180 per ton.

� If at maturity the value of wheat is e 150 per ton, then I will make a
gain of e 30 per ton.

� If at maturity the value of wheat is e 200 per ton, then I will suffer
a loss of e 20 per ton.

� In both cases, I am required to deliver the wheat at the agreed
price! Both counterparties must respect the agreement.
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Options

� An option is a financial product that gives the possibility to buy or
sell a certain underlying asset at a later time (called maturity), at a
certain price (called strike).

� It is a right, not an obligation (unlike for forwards). If the holder of
the option decides to buy or sell the underlying, we say that the
option is exercised.

� Various exercise styles are possible. When the right is exercised
precisely at maturity we talk about European options.

� A put option is essentially a right to sell, whereas a call option is a
right to buy some underlying (a stock generally).

� A put can be used as a protection against the decrease in value of
the underlying, whereas a call can be used to bet on the increase
in value of the underlying.
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The payoff of a European call option

Let’s St be the value of some stock at time t, and consider a European call
option with maturity T and strike K .

� If ST > K , we can buy the stock at a value of K (which was agreed upon)
and sell it immediatly on the market for a value of ST , making a gain of
ST − K .

� If ST < K , we do nothing: the option isn’t exercised (because there is no
gain to be made).

payoff (ST) = max(ST − K,0)
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A detailed example of a call

We consider the Google stock, its value changes with time as reflected
by the time series of the stock:

2017-01
2017-03

2017-05
2017-07

2017-09
2017-11

2018-01

date

800

850

900

950

1000

1050
clo

se
 p

ric
e 

in
 d

ol
la

rs
Google stock value

Observe the random behavior of the stock.



A detailed example of a call

We are betting on an increase of the value of Google in one month
from now. So we buy a European call option with underlying the
Google stock, maturity 1 month and strike $1400:

� If in 1 month the value of the stock is $1500, then I will make a gain
of $100.

� If in 1 month the value of the stock is $1350, then nothing happens
because the option isn’t exercised (the strike price isn’t reached).

� In the case you are selling the call, you can potentially suffer a huge
loss as the Google stock value keeps increasing (because you are giving
away the benefits)!
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The payoff of a European put option

Let’s St be the value of some stock at time t, and consider a European put
option with maturity T and strike K .

� If ST < K , we can sell the stock at a value of K (which was agreed upon)
and sell it immediatly on the market for a value of ST , making a gain of
K − ST .

� If ST > K , we do nothing: the option isn’t exercised (because there is no
gain to be made).

payoff (ST) = max(K − ST ,0)
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A detailed example of a put

We hold a Google stock and would like to protect us from a decrease in
its value in 1 month from now, up to a certain level, say $1200. So we
buy a European put option with underlying the Google stock, maturity 1
month and strike $1200:

� If in 1 month the value of the stock is $1500, then the value of my
portfolio is $1500+max($1200− $1500,0) = $1500.

� If in 1 month the value of the stock is $1150, the value of my
portfolio is $1150+max($1200− $1150,0) = $1200.

Therefore, we limit the loss on the stock up to $1200.
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The price of a derivative product



Pricing a deterministic cash flow

� Suppose we have access to a risk-free asset, e.g. a bank account
with yearly interest rate r:

e 1 deposit today −→ e (1+ r) after one year

� If interest is compounded n times per year:

e 1 deposit today −→ e (1+ r/n)n after one year

� If interest is compounded very often, we can make n→∞ so:

e 1 deposit today −→ e er after one year

� How much should we deposit at date t, so that after T years we
receive exactly the amount of money CT? To answer we discount
CT to obtain its present value:

e−r(T−t)CT with continuous compounding.

This is the price we must pay at t, in order to obtain CT at T .
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Example: pricing a bond with fixed interested rate

� We want to price the following bond: at date t0 we pay an amount
P (called principal), at date ti (1 ≤ i ≤ N) we receive a coupon Ci
and at the last date tN we also get the principal back.

� Its price is given by discounting the series of cash flows at dates ti,
1 ≤ i ≤ N. Assuming a fixed interest rate r, the price at date t is

N
∑

i=1
e−r(ti−t)Ci 1t<ti + e−r(tN−t)P 1t<tN .
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A first glimpse at risk-neutral pricing

� We want to know the price today of a future, random, cash flow,
like the payoff of an equity derivative (which depends on ST).

� Whatever the underlying is doing, going up or down, the price of
the derivative should be the same.

� Risk-neutral pricing is a framework that takes into account the
randomness associated with the cash flows and proposes a
mathematical meaning to computing the price of a claim.
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A first glimpse at risk-neutral pricing

� Consider a coin (the underlying) X ∼ B(1/2) under P, and a tossing game
G (the derivative): e 100 on heads, e 0 on tails.

� E[G] = e 50 seems to be a fair price for playing G. But you’re risk-averse
and the expected net gain is 0: you want to pay less that E[G].

� After consulting your friends and observing other games on the market,
it is agreed that the fair price of G is e 25 (the market price).

� Reversing our reasoning, we should have then priced G with a different
probability Q, e.g. 1/4 on heads, 3/4 on tails, to get that price as E?[G].

� Q is engineered so as to match the market prices, which are considered
as fair. Under certain conditions, Q is unique, so we can use it to price
any other claim.
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A second glimpse at risk-neutral pricing

� Let’s add the time dimension: we want to price CT where (Ct)t≥0 is a
stochastic process relatively to P, e.g. a derivative payoff.

� The price of CT at date t could be E
�

e−r(T−t)CT
�

� Ft
�

where (Ft)t≥0
represents all available information up to time t. It’s a random variable
because we still don’t know what will happen between t and T .

� But for Ct ≡ St a stock, we obtain that

E
�

e−rTST
�

� Ft
�

= e−rtSt ∀T > t,

meaning the discounted stock value (e−rtSt)t≥0 is a P-martingale, which
isn’t the case in practice: betting on the stock market isn’t a fair game.

� We change the probability P to some Q, so that today’s price of the stock
(e−rtSt)t≥0 is a Q-martingale: the stock trend disappears under this
point of view, making trading on the stock a fair game.

� So the price at date t is given by E?
�

e−r(T−t)CT
�

� Ft
�

.
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The fundamental theorem of asset pricing

Arbitrage in a market occurs when one can make a gain with no initial
investment. A market is complete when any payoff can be replicated with a
particular set of liquid, exchange-traded assets.

Theorem

In an arbitrage-free market, there exists a risk-neutral measure Q,
equivalent to P, such that (e−rtSt)t≥0 is a Q-martingale. If in addition
the market is complete, then Q is unique. In that case, the price process
(Ct)t≥0 of any derivative with payoff CT on the stock is defined by the
risk-neutral pricing formula

Ct = E?
�

e−r(T−t)CT
�

� Ft
�

where E? denotes expectation relatively to Q.

Consequence: the discounted price process is a Q-martingale.



Illustration: pricing a forward on a stock

� The forward price Ft is determined so that the price of the forward
contract at t is 0, meaning that it is fair for all counterparties:

0 = E?
�

e−r(T−t)(ST − Ft)
�

� Ft
�

� But (e−rtSt)t≥0 is a Q-martingale, therefore:

0 = ertE?
�

e−rTST
�

� Ft
�

− E?
�

e−r(T−t)Ft
�

� Ft
�

= St − Fte−r(T−t)

Ft = er(T−t)St
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Pricing options

with the binomial model



The binomial model

� This is a discrete model (time and stock value) for pricing options. Over
∆t the stock can goes up at increasing rate u with probability p and goes
down at decreasing rate d with probability 1− p.

� No arbitrage is equivalent to u > er∆t > d.

� Let (q, 1− q) be the risk-neutral probability Q. Since (e−rtSt)t≥0 is a
Q-martingale, over the first period we have:

S0 = E?
�

e−r∆tS1] = e−r∆t
�

quS0 + (1− q)dS0
�

⇒ q =
er∆t − d
u− d
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Pricing European path-independent options

� (St)t≥0 is a Markov process and CT = Λ(ST) so we can write the
price process as Ct = P(t,St) where P is the price function:

P(t, x) = E?
�

e−r(T−t)CT
�

� St = x
�

� Over ∆t the martingale property Ct = E?
�

e−r∆tCt+∆t
�

� Ft
�

yields:

P(t, x) = e−r∆t
�

qP(t+∆t,ux) + (1− q)P(t+∆t,dx)
�

� Using this formula we can price the derivative backwards, starting
from the leaves on the right of the tree (at time T) and going back
to the root node on the left (at t = 0).
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A detailed example for a European call

S0 = $100
u = 1.1, d = 0.9

K = $100
r = 0.05
∆t = 1
q = 0.76

1 Compute all the possible stock values.

2 Compute all the possible payoffs: for a call Λ(x) = max(x − K,0).

3 Starting from the right, apply the martingale formula to get the possible
prices at previous nodes till you reach the desired time:

P(1, 110) = e−r∆t
�

qΛ(121) + (1− q)Λ(99)
�

P(1, 90) = e−r∆t
�

qΛ(99) + (1− q)Λ(81)
�

P(0, 100) = e−r∆t
�

qP(1, 110) + (1− q)P(1, 90)
�
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� Pricing American path-independent options

� In the American exercise style, the option can be exercised at any
time between the pricing time t and the maturity T .

� In that case, the price process is defined by:

Ct = max
τ random stopping time

t≤τ≤T

E?
�

e−r(τ−t)Cτ
�

� Ft
�

� It is an optimal stopping problem that can be solved in the case of
the binomial model by dynamic programming.

� To price American options we use the same algorithm with a twist:

Ct = max
n

Λ(St), E?
�

e−r∆tCt+∆t
�

� Ft
�

o

P(t, x) = max
n

Λ(x), e−r∆t
�

qP(t+∆t,ux) + (1− q)P(t+∆t,dx)
�

o
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� Calibration of the binomial model

� How to find u and d so as to match the stock market behavior?

� We can require the matching of the first two P-moments of log-returns
Yj = log

Sj
Sj−1 , assuming they are written as μ∆t and σ

2∆t, resp., with μ the
mean and σ2 the variance of the observed log-returns.

(

E[Yj] = p logu+ (1− p) logd ≡ μ∆t
Var(Yj) = p(1− p)(logu− logd)2 ≡ σ2∆t

For p = 1
2 we solve this system in logu, logd to obtain:

u = eμ∆t+σ
p
∆t, d = eμ∆t−σ

p
∆t

� The mean μ and standard deviation σ are computed from the
log-returns time series using statistical estimators.
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